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I. INTRODUCTION

Let X be a real normed linear space and Va proximinal subset of X. To
each element f in X we associate the set

Py(f) := {vo E V :!f -- 1"0 = inf i 1-- v
'['C::V .

which is called the set of best approximations for f by elements of V. Thus
we obtain a set-valued mapping P y , which carries the normed linear space X
into the set of the closed nonvoid subsets of V. This set-valued mapping is
called the metric projection associated with V.

For set-valued mappings concepts of continuity are defined as follows
(cf. Hahn [5]):

DEFINITION 1. (a) The metric projection P y is called upper seml
continuous (usc) if the set

{fEX: PvC!) n K oF

is closed whenever K is a closed subset of V.

(b) The metric projection is called lower semicontinuous (1sc) if the set

{fE X: Py(f) n U C1}
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is open whenever U is an open subset of V. (The topology on V is understood
to be induced by the norm-topology of X).

The metric projection P v is usc or Isc only for restricted classes of subsets V.
Singer [8], for example, has proved that the metric projection associated with
an approximatively compact subset V of a normed linear space is usc. Hence,
in particular, P v is usc whenever V is a linear subspace of finite dimension.
But even if V is a linear subspace of finite dimension, P v may fail to be lsc,
as Blatter, Morris, and Wulbert [2] have shown.

In this paper, we first prove a general criterion which is sufficient for the
lower semicontinuity of the metric projection associated with certain sub
spaces of a normed linear space. As a consequence of this criterion, we obtain
a result of Brosowski et al. [4]. Further we apply our criterion to derive a
su fficient condition for the lower semicontinuity of the metric projection
associated with certain linear subspaces of ColT, X), where T is a locally
compact Hausdorff-space, X is a strictly convex normed linear space, and
Co(7', X) is the set of all continuous functions /: T·-~ X which vanish at

infinity, provided with the norm Ii/Ii :"'" maXtET Ilf(t)l:x.
We shaH show that in ColT, X) the criterion thus obtained is also necessary

for the lower semicontinuity of Pv . This generalizes the results of Blatter [I],
Blatter, Morris, and Wulbert [2], and Brosowski et al. [3].

Furthermore, we apply our general sufficient criterion to prove the
sufficiency of a criterion stated by Lazar, Wulbert, and Morris [6] for the
lower semicontinuity of the metric projection associated with finite
dimensional linear subspaces of L I ( T, ~~, fJ.), where (T, ~t fJ.) is a a-finite
measure space.

2. A SUFFICIENT CONDITION FOR THE LOWER SEMICONTlNUITY OF P v

We first state some necessary definitions. For X a normed linear space,
we define

Sx:= {XEX: !Ixil ~ I}

and

6'x := Ep(Sx)

where Ep(A) denotes the set of extreme points of a set A. For I E X, we set

L f := {x' E Sx' : x'(f) = ii/Ill

and

{ff := {x' E <C'X' : x'(f) = II/I\}.
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As is well known, IJ f == Lf n 6 x', We use the terms a-topology and aEll
topology to denote the restrictions of the weak topology a(X', X) on the sets
Sx' and;; x' , respectively, For Va proximinallinear subspace of X andfin X
with 0 E Pd.n we define the set

91f ,V:= n {x' E () \ : .\,'(1). 0:.
,EPVUJ

The subscript V will be omitted if it is understood from the context. Finally,
we define

E((; V):~ inf!J - 1,.
, n:V

Now we prove the following.

LEMMA') Let A be a subset of /,\, and f an element in .'(, Then the
inequalill

sup x'(f) I'
x'r=A

holds (fand only if there exists a a(X', Xl-open conlex subset U oj'X' such that

ProoF Let A be a subset of 0 x' . Whenever

\. sup x'(j) f
x'~A

then there is an E > 0 so that s
set

Ii E. For the a(X'. Xl-open convex

u > {x' E X' : x\/) f

we have An U'~ , and hence An (U n 0 x ') . Thus we obtain

To prove the inverse implication, we assume that U is a a(X', Xl-open
convex subset of X' such that

Then

sup x'U)
x'c,-'

sup :>;'(f)
x'E6'x'\luntf\')

sup x'(j)
x'E-kx'\U

sup ,'Ul.
x'·.s'x' c
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The Krein-Milman theorem yields L f = can Cf . Since U is convex,
and contains Iff , there follows U"J can 6'r. We show that U"J L f , In fact,
suppose that there is an element xo' in L f which is not in U. Then xo' is in
the boundary of U, and, since U is open and convex, there exists an element
g tee X such that xo'(g) ~ inf,/Eu y'(g). Define

H := {x' E' X' : x'(g) c,= xo'(g)}.

Since U is open, H n U =c c. UsingIr C 0 we obtain

x '( g)c inf v'( g'),o ., ),'E-l.'f ~

whence H n If is an extremal subset of If . Therefore H n If contains an
extreme point Xl' of L f • In view of Cf C U we have Xl' E' H n U. which
contradicts H n U = Thus we have U"J L f and finally, since Sx'\ U is
compact,

sup x'(j) < I!!,I.
X'ESx·\U

This completes the proof.
We are now ready to prove the following.

THEOREM 3. Let V be a proximinal linear subspace of a normed linear
space X with the properties:

(I) for eachfEX, dim Pv(j) < 00,

(2) the metric projection Pv is usc.

~t"henever for each element f in X with 0 E Pv(j) there exists a u(X', X)-open
convex subset U ofx' such that

91f "J Un Ifx,"J n (J'f-V
rE?v U )

then Pv is Isc.
Proof We assume that there exists a point f in X so that P v is not Isc

in f Then there exists a sequence {fn} of elements fn in X, an element Do in
Pv(j) and a neighborhood Uoof Vosuch that Un} converges to f and

for each n. The set Pv(j) is convex and, since Pv is usc, consists of more than
one point. We may assume without loss of generality that Do is a relative
interior point of Pv(j). Replacing f by f - Do if necessary, we may assume
that 1'0 = O.
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Then it follows that

91 f :J n 6"
rEPv(f)

(
() f .

For each g E X the set Pv(g) is closed, bounded and finite-dimensional, and
hence compact. Since Pv is usc, the set

Pv(J) U U Pv(/,,)

is compact (cL Michael [7]). Consequently there is a subsequence of U;,:
(which we denote again by {fn}), so that there exist elements I'" in Pv(j,J
in such a way that the sequence {v n } converges to an element IJ in V. Then
r' E Pdf), and furthermore v' 1= 0 since Pv(J;,) n Uu for all n EN.

Following Brosowski et al. [4], we can now construct a sequence {u,J of
elements U II in X with the following properties:

(a) the sequence {un} converges to v':

(b) for each n E N there holds

E(J; V):

(c) there exists an integer nu E N so that

IJ-- Un + v'i E(I: V) for all 11 . 11" .

F-n :=---= en

Such a sequence may be defined explicitly by

Un := I - (E(j; V)/£(j;,: V»)(/;, ... 1"11)'

Obviously this sequence has properties (a) and (b). To show that {u,,: also
shares property (c), we note that ill - u" .j 1" E(j: V), since

I - Un" 1"= (E(j; V)/E(J;, ; V»(J;, -- (v n - (E«(" : V)/E(j; V» 1"». (I)

If there is some subsequence of {uni (again denoted by:uni) such that
11/- Un .,- 1" = £(j; V), then, by (I). the element

£(/;/; V),
_ ....:.... -_. _. I"
£(j; V)

is in Pv(jn), and the sequence {v n} converges to the zero element in V. This
is impossible since PV(jn) n Uu = 0 for each n. Hence (c) is proved.

For n :-. nu and x' E 1J'r-un+ n' we have

E(j; V) < III - Un .+ r'

= x'(j - Un I· v') = x'(j Un) x'(r')

£(j; V) .+ x'(v'),
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which yields x'(1") > O. Hence we obtain

89

for n > no. (2)

On the other hand, by hypothesis, there exists a u(X' , X)-open convex
subset U of X' so that

and, by Lemma 2,

sup x'(j) < if 11 = E(f; V).
x'E8'X'\U

Hence there exists a real number E:> 0 such that

x'(f) "E(f; V) - E

for each x' E (fx·\U. The sequence {U,,) converges to v'. Therefore we have
" u" - Vi 1\ < E for sufficiently large n. and consequently

x'(f - II" ," 1") < E(f; V)

for all x' in (fx·\U, in particular for x' in {f x,\iHr . Thus we obtain for
sufficiently large n the inclusion ~llf:J (ff-ll +v' which contradicts (2). The
theorem is thus proved. n

A consequence of Theorem 3 is the following result of Brosowski et al. [4].

THEOREM 4. Let V be a proximinal linear subspace of a normed linear
space X with the properties (1), (2) of Theorem 3 and the following additional
property:

The set (; x' is u-closed.

Whenever for each element f in X with 0 E Pv(f) there exists a u-open subset A
of Sx' such that

91f :J A () Gx,:J n (ff-,'
VEPv(f)

then the metric projection Pv is lsc.

Proof In view of property (3), the set (fx' is a-compact. Hence we obtain

sup x'(j) < Ilfll,
X' E8'X'\A
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and, using the hypothesis.

sup .fln F.
x 'E(J'X'\':JIJ

Thus, by Lemma 2, there is a a(X', X )-open convex subset U of X' such that
~)lf :J Un (; x :J f, f ' and Theorem 3 yields the lower semicontinuity of Pro .

3. ApPLJCATlONS IN SOME SPECIAL SPACES

Let T be a locally compact Hausdorff space, and X a strictly convex real
normed linear space. We denote by Go( T. X) the set of continuous functions
f: T ->- X vanishing at infinity, that is. a continuous functionfis in Co(T, X)
if and only if, for each E 0, the set

{fET: fUJi E:

is compact. [f addition and multiplication with scalars are defined for elements
in CoCT, X) in the same way as for vector-valued functions, and the norm

max lU) \
ftC[' "

is introduced. then Cu( T, X) is a normed Ii near space. Whenever it is necessary
to distinguish between the norms in Co( T. X) and X we denote the latter
by II ·llx.

For Va proximinal subspace of Co(7: X). f an element in Co(T, X) with
oE Pv(f), and l'o an element in Pv(f). we define

and

NIy : n :f 7 : l'(t)= 0:
"r-:::Pl"(i)

t 1'0 :i·

The subscript V will be omitted if it is understood from the context.
Now we prove the following.

LEMMA 5. Lef V be a proxirninallillear subspace of CoU', X), where X is

strictly convex. Then

Nf:J n M r
ITPI-{rj

for each elelJlent f in Co(T, X) with 0 ill Pdf).
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Proof Let t be in nVEPv(f) Mt -I" Since 0 E Pv(f), for each l' in PvU)
the element iv is also in Pv(f). Hence

I.if(t) -}l'(t)11 = }1,Ij(t), T tilf(t) - l{t)[.

In view of the strict convexity of X, there is a positive real number fL such that

f(t) = fL(f(t) - vet))·

Using lIf(t)ll = 11f(t) - v(t)II, we obtain fL =-= 1 and finally r(t) 0, whence
(E Nf •

Now we give a sufficient criterion for the lower semicontinuity of Pv in
Co(T, X).

THEOREM 6. Let V be a proximinal linear subspace of the space
Z :c= Co(T, X), where T is a locally compact Hausdorff space, and X is a
strictly convex space. Assume that the following requirements hold:

(I) for each f in Z, dim Pv(f) <:: ex:

(2) the metric projection P v is usc.

Whenever for each f in Z with 0 E Pdf) the set Nt is open then the metric
projection is Isc.

Proof The set Nt is defined to be the intersection of the closed sets
{t E T: 1'(t) = OJ, V E Pv(f), hence it is closed. Since Nf is also open by
hypothesis, the function g defined by

for tin Nf ,

for tin T\Nf ,

is in Co(T, X). The set

U:= {Z'EZ' :z'(g) > OJ

is a a(Z', Z)-open and convex subset of Z'.
The functionals in (f z' are generalized evaluation functionals Lx',t , that is,

there exist elements x' E (fx' and t E T such that

Lx',t(h) = x'(h(t)) for hE Co(T, X).

By definition of U, for each functional Lx',t E g z' n U, the equality

Lx'.t(v) = x'(v(t)) = x'(O) = °
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holds for all r in f,U), whence we conclude ~l(f ~ ()z' n U, Using Lemma 5.
we obtain the inclusion

oz' n U~ n (, I I'

""Pv(f)

Thus the requirements of Theorem 3 are fulfilled, whence the lower semi
continuity of PI' follows.

Remarks, Special cases of Theorem 6 have appeared in the literature.
For T compact and X the real axis, the theorem was proved by Blatter,
Morris, and Wulbert [2]. For T locally compact and X a pre-Hilbert space,
the result was obtained by Brosowski et al. [4].

Now let X be the space L](T, Sl, p,), where (T, .H, p,) is a a-finite measure
space. The dual space X' is identical to L ,.( T, H, p,). For f a real-valued
function defined on T, we set

suppU):c{tET:f(t) 0:,

zen:
sen:

{tET:f(t)

{tEl': f(t)

01
I

sup if(s),:.
sECT

These sets are defined only up to sets of zero measure.
In addition. we define for each linear subspace Vol' X the orthogonal space

V := {x' E X': x'(1') 0 for each l' E Vi.

Lazar. Wulbert. and Morris [6] proved the following criterion.

THEOREM 7. Let (T, n, p,) be a a:/inite measure space, and let V be an
n-dimensional linear subspace of L I ( T. ~t p,). The metric projection P v is Isc
ifand only if there does not exist an x' ill V . x' 0, alld a l' ill V for which

(I) Sex') is (Jurelr atomic, alld contaills at most 11- I atoms,

(2) Z(v) cOlltains Sex'),

(3) supp (v) is not the union ofa fillite family ofatoll1s.

We give a new proof for the sufficiency of this criterion by showing that
the condition of Lazar, Wulbert, and Morris implies the condition of
Theorem 3. From this, it follows in the case X= LI(T, ~~, p,) that the con
dition of Theorem 3 is also necessary for the lower semicontinuity of P v .

Proofof the sufficiency of the criterion in Theorem 7. We suppose that the
condition of Theorem 7 holds but that there exists an element f E LI with
oE Pv(f) (without loss of generality we may even assume that 0 is a relative
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interior point of PI (f») such that \)([ does not contain Un (', x' whenever U
is a a(X'. X)-open convex subset of X' with Un I; x' ~ (~[ .

First we show that there exists an element i· in Pdf) such that supp(v) is
110t the union of a finite family of atoms.

To prove this, we suppose that for each c in Pv(f), the support supp(c)
is a union of a finite number of atoms. Then there exist atoms A L .... , AN

such that

supp(c) C A := A L U '" U AN

for each v in PI(f).
For every c E' Pdf) and every x' E' I;}. we have x'(I') ~~ O. Slince the

functionals x' E' (,} (interpreted as functions in L,J may be chosen outside
supp (f) arbitrarily retaining only the requirement 1 x'(f) I = 1, there must
be supp(v) C suppU) for all v E PI(f). Therefore one may assume
A C supp(f).

Corresponding to the set

W :0= {x' E (, x· : x'(t) == signU(t) for f E AJ

there exists a a(X', X)-open convex subset U of X' so that W c, Un (; .\' ,
namely, e.g.

u: jx' E x': r x'(t)(XA,.(f) . I(f)) dfL
• T

ofor l' = J,,,., N~

where XA denotes the characteristic function of the set A,. . Jn addition, we
have v

Since such a relation was excluded by the choice off, we have proved our
assertion that there exists some element '(~ in PI(f) such that suppl'l') is not
the union of a finite number of atoms.

Now let

Y' := {x' E'S,' : x'(c) = 0 for alII' E V,

x'(t) '---c sign(f(t)) for t E' supp(f)],

then Y' is convex and a-compact. By the well-known theorem of charac
terization of best approximations. there exists a functional x' E L[ such that
x'(1') 0 for all l' in V. Since this x' is in V', the set Y' is nonvoid. Hence
there exists some extreme point y' of Y'. By construction, we have I y'(t):c= I
for I E' supp(f). Since supp(v) C supp(f) it follows that Z(0) ~ S(y').

Now we show that S(y') is purely atomic and consists of at most 1/ 

atoms, Let 1'1, I'~, .... 1''' be a basis for V with 1'1= f.
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First we exclude that S( y') contains a nonatomic part. In fact, let B C S( y')

be a nonatomic subset of S(y') with p,(B) O. Then there exists E 0 so that

B1 : {t B: y'(I) E'J

has fL(B1 ) O. Then there exists a function ::' 'c Sx 0, such that
supp(z') C B1 and fBI z'(I) vi(t) dfL 0 for i L.,. II, For either sign.
y' ± EZ' is in Y'. This contradicts the fact that y' is an extreme point of Y',

Now let us suppose S( y') "J B B1 U ... u Bn , where B,. are atoms, It
follows that E:= I ~ ess-suPlcR y'(t)i 0, Let l"i be the value of Vi on the
atom B, . The system of equalities

n

I ",I,,'Il( B,) ~. 0,
l:~,·' 1

2" .. , n, (4)

has a nonzero solution "1
0
..... <I'" with I «,,0 i

sign the function z', defined by
I for all j'. Hence for either

2 ' (1) :
\ y'(I) :T w:,,o
I y'U)

for t E: B"
for t rf B '

is in Y'. This is impossible since y' is an extreme point of Y'. Therefore S( ,v')

contains at most n - I atoms.
So far, we have constructed elements 'I) E: V and y' c Y' C V which fulfil

the requirements (I), (2), and (3) of Theorem 7. But the condition of
Theorem 7 states that such elements do not exist. Hence our assumption is
not correct. Thus we have proved, that the condition of Lazar. Wulbert, and
Morris implies the condition of Theorem 3. Since the latter is sufficient for
the lower semicontinuity of PI' the sufficiency part of Theorem 7 is proved.

4. THE NECESSITY OF THE CRITERION IN THE SPACE ClT, X)

In this paragraph, we show that the sufficient condition of Theorem 6 is
also necessary if the space under consideration is CofT, X). where Xis strictly
convex. First we prove the following lemma.

LEMMA 8. Let V be a linear subspace ofCo(T, X), and let!and g be elements
in Co(T, X) with

(a) ~~ :i g

(b) 0 E Pv(f) and 0 E Pv(g):

(c) there is a neighbourhood U of Mf such thatf(t) g(t)for t E U.
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Then PI·(g) is con rained in span P,U), i.e .. in the linear subspace of V which

is S/hlllllCd by P1{f).

Proot: Given an element r /. 0 in Pv(g), let ,\ be the positive number

,\ : mine I, (:f.- CIt: I'i,),

with

E* : sup i1f(t): x' !Ji.
IET\U

By virtue of hypothesis (b), the element 1', : " 1\1' is also in Pi (g). We have for
t in L

and for t E T\ C

f'·

f(f) E* (''/ - E*)

Hence the element I'! is a best approximation for!; and l' = (I fA) 1'1 IS III

span PvU).
We are now in position to prove the main result of this paragraph.

THEOREM 9. Ler T be a locally compact Hausdorff' space, X a slriclly
convex normed linear space, and leI V be a proximinal linear subspace of
C,,( T, )() such Ihal dim PvU) < (fj for all fin Co(T, X). Whenccer the metric
proiection PI is Ise, then,for each/in CIl(T, X) with 0 in PvU), the scI

N ( := n {I (= T : 1'(1) := 0:
,'EPv(f'

is open.

Proof We suppose the theorem is false, that is, there exists an element
./; in C,,( T, X) with 0 E PV(fI) such that Nil is not open. Then!! is not in V,
since otherwise PvCfl) == {II: and Nfl = T would be open. Without loss of
generality we may assume 1,Ifl = I.

Now let VI '00" 1'" be linear independent elements in PV(fl) which span the
linear subspace VI : == span Pvct;) of V.

Since Nt is not open, there is a point til in Nt with the property:
1 1

(E) every neighborhood U of to contains some point tu wch that
r(tu) i= 0 for at least one K E {I, ... , k].

Now we construct a function/as follows. In the case to is in Mfl , we define
f: - /;. If to is not in Mfl , then we first choose an element r in X such that
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1 ~- ij;(tIJ)b . A possible choice is, for instance.

in the case /~(1IJ) de O. If j~(1o) O. each r with r I will do. Since to
is not in the closed set Mf . there is a compact neighborhood U of to such

1

that Mf n U ~= . From to F /V, there follows for K I ..... k
1 1

and

By reducing U, if necessary. we can ensure that. for all fEU.

f;U) -- 1',/1); I. K 1..... k

and

r /;(t)I: O.

There exists a continuous function Pl(t) such that 0 PlU)
1 E T, p,(1o) = 1, and Pl(1) = 0 for 1 rf U. In addition, we put

1 for all

p.,(t):== min ((l
- 1 ~-: K':~_ 7,

and

We complete the definition of P2 and P~ by setting P2(t) p,,(t) == 0 for those
1 which have r - ./;(1) = 0, and thus obtain a continuous function P~ with
o ~(P3(t) 1 for all fE T, P3(10) I. and P3(t)=-= 0 for t T\lJ. Now we
define the function(by

f(l) :ccc (I ~-- P:l(t))j~(t) p:M)' r.

This function has the property that f(t) (1(t) for all r in ru. and
f(1o) = r, whence Ilf(1o)li = I and 10 E Mt . Since T\U is. by construction.
an open set containing M

f"
it follows that MI, C Mf , 0 E Pdf), and finally

from Lemma 8, Pv(f) C VI' For each fin T and each K == 1.... , k we have

'f(t) -- /'J!)! == I,/;(t) - I')f) p3U)(r/;(t»)11

!ij~(f) - I',,(t)l + P3(t)I: r /;(t)i

!I/;(t) rp)i! + max(O, P2(t))]: r - .I1(t)!! :S; 1.
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Hence all 1\ •...• 1'1. are in PvU) and. since 0 is also in Pdf), the element

97

is a relative interior point of PvU). Then 0 is a relative interior point of
Pv(g) where g := f - 1'0 .

For each t in L we have

g(t)! =~ f(f) - I'o(t)]

1 k I
k ;- 1 f(f) i ,~ U(f) - rAt))!i

,
I jet) - I',Jt) I: =c I
K~l

with equality if and only if r./f) = 0 for all K = I, ... , k, that is t E V f . Hence
there follows

Because fo is not an interior point of Ny. there is a net (t.\ : " E'i1) of
points 1,\ in T such that (t,\) converges to fo and, for each ", V,,(fA)-· 0 at least
for one K. Then there exists an index KOand a subnet (fA : " E ,1 d such that
l'''o(tA) =/ 0 for all fA with" E ill' We may assume K O = I.

Now we consider two cases.

First case. There is a subnet (f,\ : " E il 2) of (fA : " E ill) such that for
every "E 11 2 there exists some functional x/ E 6u {to) with x A'(r1 (t,,J) '.Ie O.
By passing once more to a subnet (fA: " E /13), we can ensure that there exist
signs E" E {-I, -f-I} such that the inequalities

and

for K = 2, ... , k,

hold.
For each;) :> 0, the set

is a neighborhood of fo . Hence there exists" E il3 such that fA E A a • Since
My C N g and fA tF Na , it follows that tA tF Mg. Since M g is closed, there exists
a compact neighborhood W of fA such that M g n W = 0. Without loss
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of generality. we assume we A,j . Now let p he a continuous function such
that 0 p(l) I for t c= T. p(t,\) I. p(l) 0 for I T 'I. ;llld define

gAt): p(t)g(lo) (I p(l))g(l).

Theil the function go is In Co(7'. X). and g,\

have for all I T

(T
.~

6. Furthermore. we

g6(t): p(I),1 g(to) , (I p(t)) g(l)

and for l r,w the equality g6(t) g(t). The set T It is a neighborhood
of fl.l,; . Therefore we have M,13 :J M" , and hence 0 c= Pdg,\). Using Lemma 8.
we obtain PdK,j) C V] . For each element II in the set

o for K

there follows

: g".~ ul'

I a"EJJt,):
k-1

I.

I a,.E,.\'\'r,(t,)
,. 1

and consequently HI. (\ Pv(go) =

If the net (fA : ,\ E' AI) does not satisfy the conditions of the first case, then
we must consider the alternative possibility.

Second case. There is a subnet (fA: Ai: ilj) of (I,. : ,\ i.e .1 1 ) such that
X'(l\(fA) 0 for all ,\ c=.I1 4 and x' E 15 ,,(10) . Let x,,' be an arbitrary functional
in 6,,(10) '1 (fA) • Then .\'/ is not in 6,;(10) , since X is strictly convex, and vl (t,\)
is not proportional to g(fo)' Hence it follows that

On the other hand we have, for y' (0 6,,(1,,) ,

and therefore

x.,' (VI (t\»),
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whence it follows that
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and X/(I\(tA)) 0 for each ,\ in /1 4 •

There are signs E1 : -I and E2 , E3 , •• ., Ek E {-I, I: such that for a
suitable subnet (t, : ,\ f= /1-,) the inequalities

and

for K= 2, 3, ... , k,

hold. For 8 0, the set

Ao := {t E T: g(to) - g(t)', I < 8/3, Ii v1(t),1 < 8/3

and ii g(to) + 1\(1)1' --- 1 I < 8/3J

is an open neighborhood of 'n' Hence there is ,\ E 115 such that t AE An .
Furthermore, there exists a compact neighborhood W of tA such that
My n W = and we A;;, and there is a continuous function p such that
o p() I for t E T. pet,) -= J, and pet) = 0 for t E T\W. The mapping

is in Co(T, X). By using (5), we obtain for tin Ao

I go(t) - g(t)i = p(l)g(to) + L'1(tA\ - g(t) Ii
. II g(to)+- l'j(tA)'i'

p(t)
= :---'.:( ) =-----:-(~)-I. g(to) - g(t) + 1\(tA). g to . 11 tA i

i- (I -1 g(to) + 1'1((,)1:) g(t)!1

Ig{to) - g{t)I: + Ii V1{tA)'1 + i 1 - [! g(to) + 1\{tA)!! < 8.

For t not in A,\ the equality go(t) = g{t) holds, and hence II go - g < 8. By
construction, we have II go i!= 1. Since go(t) = g{t) for t in the neighborhood
T\ W of My , it follows that M"o"J My , hence 0 is in Pv(ga), and, by Lemma 8,
Pv(go) C VI'

For each eJement u in

Bk :'= )± GKEK1\ E VI: G" > 0 for all Kl
K;~~l
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there follows

g. - 1/!

BROSOWSKI A'.n WLGMA'.'.

I a,EJit,\))
I, 1

I a"E,x,'r)t,)
".J

I.

whence B i n Pdg,,)

Thus in either case we have the folJowing situation. The set B/. is open
(in VI)' and contains the zero element in its boundary. Since 0 is an interior
point of P,(g) (relative to VI), it follows that Pr!g) n B/. . On the other

hand for each 8 0 there exists a gii in Co( T, X) with I g gi 8 and
Pv(go) n B,. . This contradicts the lower semicontinuity of PI . Thus the
theorem is proved.

Remarks. In the case T compact and X the real axis, Theorem 9 specializes
to a result of Blatter, Morris, and Wulbert [2]. The special case of Theorem 9,

when X is a pre-Hilbert space, was proved by Brosowski ('f at. [3J. but only for
locally compact spaces T which have additional properties.
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